Abstract 



Results of previous papers are used to obtain a complete classifica- 
tion of finite local flat commutative group schemes over mixed charac- 
teristic complete discrete valuation rings. We classify group schemes 
in terms of their Cartier modules. We also prove the equivalence of 
different definitions of the tangent space and the dimension for these 
group schemes. In particular we prove that the minimal dimension of 
a formal group law that contains a given local group scheme 5" as a 
closed subgroup is equal to the minimal number of generators for the 
coordinate ring of S. As an application the following reduction criteria 
for Abelian varieties are proved. 

Let K be a mixed characteristic local field, let its residue field 
have characteristic p, L be a finite extension of K, let Dk C Dl 
be their rings of integers. Let e be the absolute ramification index 
of L, s = [logp(pe/(p — 1))], Co be the ramification index of L/K, 
I = 2s + Vp{eo) + 1. 

For a finite flat commutative D^-group scheme H we denote the 
Di-dual of the module J/J^ by TH. Here J is the augmentation ideal 
of the coordinate ring of H. 

Let V be an m-dimensional Abelian variety over K. Suppose that 
V has semistable reduction over L. 

Theorem (A). V has semistable reduction over K if and only if for 
some group scheme H over Dk there exist emheddings of Hk into 
Ker[pV,i^; and of (Ol/p^Ol)"' into THo^- 

This criterion has a very nice-looking version in the ordinary re- 
duction case. 

Theorem (B). V has ordinary reduction over K if and only if for 
some Hk C Ker[p']y^/4: and M unramified over K we have Hm — 
iPpi^M)^- Here fj, denotes the group scheme of roots of unity. 

Keywords: finite group scheme, Cartier module, tangent space, 
formal group, Abelian variety, semistable reduction, local field. 
MSG 2000: 14L15, 14L05, 14G20, IIGIO, 11S31. 
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Introduction 

In the paper |2| the Cartier modules of finite flat local commutative group 
schemes over the rings of integers of complete discrete valuation flelds (de- 
flned by Oort) were used to obtain results on the generic flbre of (finite flat 
commutative) group schemes. As an application a certain flnite (see below) 
p-adic good reduction criterion for Abelian varieties was proved. 

In this paper we use results of the previous work and obtain a complete 
classiflcation of flnite local flat commutative group schemes over mixed char- 
acteristic complete discrete valuation rings in terms of their Cartier modules. 
We give an explicit description of the image of the Oort functor. The clas- 
siflcation obtained has the following advantages when compared with the 
classiflcation of Breuil (see [H]). 

1. The modules that appear as C{S) are explicitly described for arbi- 
trary local group schemes. In [H] an explicit classiflcation is given only for S 
satisfying certain extra flatness conditions; the modules for arbitrary S are 
obtained by extensions. We note that the subclass of group schemes that 
was classifled in [HI explicitly also can be easily described (i.e. distinguished 
from other local group schemes) in terms of their Cartier modules. 

*Supported by Russian Fundamental Science Foundation, grant No. 04-01-00082a. The 
author is deeply grateful to prof. .Ju. Tschinkel and the Mathematical Department of the 
University of Gottingen for providing excellent working conditions. 
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2. The Cartier module language is Galois-stable; this is crucial for descent 
questions. 

3. We don't restrict ourselves to the perfect residue field case. 

On the other hand, the advantage of is that p-group schemes there 
were not assumed to be local. 

Our classification will probably be generalized to not necessarily local 
p-group schemes in a succeeding paper. 

We also prove the equivalence of different definitions of the tangent spaces 
and the dimension of these group schemes. As an application certain finite 
p-adic criteria for semistable and ordinary reduction of Abelian varieties are 
proved. We call these criteria finite because in contrast to Grothendieck's 
criteria (see 0) it is sufficient to check certain conditions on some finite 
p-torsion subgroup of V (instead of the whole p-torsion). 

We introduce some notation. 

Let K he a complete discrete valuation field of characteristic with 
residue field of characteristic p, let L be a finite extension of K, let Ok C 
be their rings of integers. Let e be the absolute ramification index of L, 
s = [logp(pe/(p — 1))]. Let Cq = [L : Kq], where Kq is the maximal unram- 
ified subextension of L/K (for ordinary local fields cq is equal to e{L/K)), 
I' = s + Vp{eo) + 1, I = 2s + Vp{eo) + 1. 

For an D^-group scheme H we denote the D^-dual of the module J/ 
by TH. Here J is the augmentation ideal of the coordinate ring of H. 

Theorem (A). LetV be an m- dimensional Abelian variety over K . Suppose 
that V has semistable reduction over L. 

Then V has semistable reduction over K if and only if for a certain finite 
flat group scheme H/Ok we have THqj^ D {Ol/p^Ol}'^ (i.e. there exists an 
embedding); besides there exists a monomorphism g : Hk — > Ker[p']y^i^. 

Note that for e < p— 1 we have / = 1; hence Theorem A is a generalization 
of Theorem 5.3 of jfij (where only the potentially good reduction case was 
considered) . 

Our technique also allows us to prove the following criteria for ordinary 
reduction (see subsection 15. 2|1 easily. 

Theorem (B). / Let V be an Abelian variety of dimension m over K that 
has good reduction over L. Then the following conditions are equivalent. 

(1) V has good ordinary reduction over K 

(2) For a certain multiplicative type (i.e. dual-etale) group scheme H/Ok 
we have THqj^ ^ {O l / p'' O l)"^ ; besides there exists a monomorphism g : 
Hk Ker[p'']y,i^- 
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(3) For some C Ker[p'']y_x o-nd M unramified over K we have Hm — 
[fipi' A-f)"*- Here fi^i/ is the group scheme of -th roots of unity. 

II Let V he he an Abelian variety of dimension m over K that has semistable 
reduction over L. Then the following conditions are equivalent. 

(1) V has ordinary reduction over K. 

(2) For some multiplicative type group scheme H over Dk there exist 
embeddings of Hk into Ker[p']yj^, and of {O l / p'' O l)"^ into THq^. 

(3) For some Hk C Ker[p']y_i^ and M unramified over K we have Hm — 
(/^p^m)™"- 

In the first section we remind the definition of the Cartier modules for 
formal groups. In this paper we will usually use the so-called invariant Cartier 
modules (i.e. Dp) defined in jlj and P]. We also recall Oort's definition of 
the Cartier module C{S) for a finite local group scheme S (see we 
remind that the Oort functor is fully faithful. We remind the definition of 
a closed submodule of a Cartier module and of a separated Cartier module. 
We also recall connection of closed submodules with closed subgroups (cf. 

We prove three technical lemmas on the Cartier modules telated to the 
reduction of formal groups and finite group schemes over Ol- The lemmas 
are used in the proof of the main classification result fTheorem 12. 1.111 . 

Section 2 is dedicated to the main classification theorem. We describe the 
image of the Oort functor; that gives us a full classification of finite flat local 
commutative group schemes over the rings of integers of complete discrete 
valuation fields. The proof that for any S the module C{S) satisfies the 
conditions of Theorem l2.1.1l is easy. In the proof of the converse statement we 
present the given Cartier module as a factor of C{F) for some formal group 
F; next we prove that a finite height F can be chosen. The classification 
immediately implies that Ext^ for local group schemes coincides with Ext^ 
for their Cartier modules. 

In section 3 we prove that the tangent space functor can be easily de- 
scribed in terms of Oort modules. This implies that the minimal dimension 
of a finite height formal group F that contains a given local group scheme S 
as a closed subgroup is equal to the minimal number of generators for the co- 
ordinate ring of S. The case m = 1 of this result was essentially proved in [T] 
(though there it was formulated in a different way). It was quite important 
for the program of "taming wild extensions by means of Hopf algebras". We 
also prove that a local group scheme of exponent p"^ is truncated Barsotti-Tate 
iSTH ^ {Dl/p^'OlT. 

In the beginning of section 4 we remind the main generic fibre result and a 
certain descent result of |i2j. Next we prove certain new descent statements for 
p-divisible groups. We prove that an Abelian variety has semistable reduction 
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if and only if its 'formal part' has 'good reduction'. Using these statements 
and results on tangent spaces we prove a certain criterion for good reduction 
of a potentially good reduction Abelian variety. This criterion gives a positive 
answer to the question of existence of a finite p-adic criterion, which B. 
Conrad (see [0]) attributes to N. Katz. Two more variants of this criterion 
were proved in 

In section 5 we prove Theorems A and B. 

Theorem A seems to be less convenient than the corresponding finite l- 
adic criteria (see [13], [HI)- On the other hand, being ordinary is a p-adic 
property. It seems to be difficult to check it Z-adicaly; in particular, no /-adic 
analogue of Theorem B is known. 

Note that the usage of tangent spaces makes all formulations (and cer- 
tainly the proofs) much different from those in the Z-adic case. In particular, 
we are able to apply the dimension argument to finite schemes. 

One is not able to prove these criteria without using tangent spaces (even 
in the case e < p — 1). 

For the convenience of the reader we note that the proofs of reduction 
criteria use neither the classification results of section 2 nor the technical 
lemmas of subsection 11.21 

The author is deeply grateful to prof. Yu. Zarhin for calling his atten- 
tion to the case of semistable reduction and to prof. W. Messing for useful 
remarks. 

Notation and conventions. We keep the notation of the introduction {K, L, 
p, e, s, Co, /, Ok, ^l, V, fXpr). 

Let L denote the residue field of Dl, let 9Jl denote the maximal ideal of 
Dl, let TT G 971 be some uniformizing element of L. 

We introduce t = Vp{e) + 1. 

Let X = (Xj) = Xi, . . . , Xm, X be formal variables. 

F will usually denote an m-dimensional formal group law over D^, Xp = 
(Aj(X)), 1 < i < m denotes the logarithm of F; expp is the inverse to 
logarithm (with respect to composition). 

In this paper a 'group scheme' will (by default) mean a finite fiat com- 
mutative p-group scheme (i.e. annihilated by a power of p), S/Dl means a 
finite fiat commutative group scheme over D^. 

Cart = Cartp(£)L) will denote the p-Cartier ring over Ol (see below); 
Cartier module is a module over Cart. 

For a (possibly, non-commutative) ring 21 we denote by Mmxn(2t) the 
module of m x n-matrices over 21; Mm(2l) = M^xm (21). 

For finite group schemes S, T we write S* < T if S* is a closed subgroup 
scheme of T; we write 5* C T if there is a group scheme morphism f : S —>■ T 
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that is injective on the generic fibre. 

We call the number of indecomposable summands of a finitely generated 
D^-module M the dimension of M. 

A formal group F is called a finite height one if \p]f is an isogeny, i.e. 
the scheme-theoretic kernel Ker[p]i7 of [p\f : F ^ F is a finite group scheme. 
This property is stable with respect to base change (see In particular, 

F is finite height over D^, if and only if it is finite height over some P D Ol, 
where the residue field of P is perfect. 

For a finite height formal group F and a group scheme H we write H <F 
if if is a closed subgroup of Ker[p^]i7' for some r > (and hence, a subgroup 
of the p-divisible group of F) . 

A group scheme or a p-divisible group (in particular, a finite height formal 
group) is called multiplicative type if its Cartier-dual is etale. 

1 Cartier modules; some results of previous pa- 
pers 

In this section we introduce (a modified version of) the classical Cartier 
module theory for formal groups; we also recall the result of Oort and some 
results of the previous papers. We aso prove a few technical lemmas. 

1.1 The definition of the Cartier ring and the Cartier 
modules of formal groups 

For a D^-algebra Q we denote by Cart = Cart(Q) the ring that is obtained by 
factorising Z(f, (a))((V)) (here a E Q, we consider non-commutative series 
over non-commutative polynomials) modulo the following relations: 



for all a,b E Q, where the polynomials defined in |H], section 16.2. 

We need the property rpn(0, x) = Tpn^x, 0) = 0. 

A natural analogue of Q is valid for (a) — (b). 

In [H] V was denoted by Vp, f was denoted by Fp. 

Since Cart is V-complete, any finitely generated Cart-module is also V- 



(a) (6) = {ah) for a\\a,b e Q; FV = p 
(a)V = V{a^); (aP)f = f(a) for any a G Q 

{a) + (b) = {a + b) +^V"(v(a,6))f", 



(1) 
(2) 

(3) 



n>0 



complete. 
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If P is a Q-algebra we can define the Cart-module structure on -P[[A]] in 
the following way: for / = J2i>o ^ -Pff'^]]' a E Q we define 

V/ = /A; f/ = 5^pQA-^; (a)/ = J]aP'QA\ 

i>0 

We also remind that Cart is p-complete if Q is; if M is a Cart(Q)-module, 
then M/VM has a natural structure of a Q-module defined via 

a ■ {x mod VM) = {a)x mod VM 

for any x G M. 

The main ingredients of the classical Cartier theory were the modules of 
curves. For a formal group F/Q and any i > one can define the Cartier 
module structure of F{x'Q[[x]]) = Ker(F(g[[x]]) ^ F {Q[[x]] / x')) . The p- 
typical (abstract) Cartier module C{F) is a certain direct Cart((5)-summand 
of F(a;Q[[x]]). One can describe it explicitly in the case when Q is torsion- 
free. 

For h G (2t[[A]])™', the coefficients of h are equal to hi = J2i>o^ii^'' ^ 
Cii G 2t, we define 

h{x) = {hi{x)), 1 < i < m, where hi = ^^cnx^ . (4) 

l>0 

Now let Q = Dl. We define Dp = {f E iv[[A]]™ : exp^(/(x)) G 
Diffa;]]'"}. In particular, for m = 1 we have ^ ttjA* G -Di? <^=^ exp^(^ Oja;*'') G 
Ol[[x]]. 

The following statements were proved in P] and |4|, also see [SJ- 

Proposition 1.1.1. 1. Dp ^ C{F) as a Cart-module. 

2. F ^ Dp is an embedding of categories of formal groups over Dl into 
Cait-submodules of LllA]]"^. 

Besides, for dimFj = rrii, i = 1,2 we have 

Cait{Dp^,Dp^) =Ae Mm.xrmOL : ADp^ C Dp^. 

3. If f : Fi ^ F2, f = AX mod deg2, A G M^.x^^Ol, then the 
associated map f^,:Dp^^Dp,^is the multiplication by A. 

I Dp = Dp"" mod A. 

5. If P is the ring of integers of a complete discrete valuation field con- 
taining L then Dp^p = CaitpDp C PL[[A]]™ and Dp = Dp^p n i:[[A]]™. 

6. The map Dp mod A ^ {/ G xL[[x\f : exp^(/) G OlMD/x'^LWx]]'^ 
that is induced by ^ is an isomorphism. 
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The set of all possible Dp can be described by conditions D<L[[A]]'" (see 
the definition below), D mod A = D^"" (see [2], 

One can easily see (cf. the reasoning in subsection 12.31 below) that for 
a large class of Cart-modules any Xi G M, 1 < i < m, such that ^^(xi 
mod VM) = M mod VM generate M over Cart. Moreover, any x G M 

can be presented in the form X]i<i<m, So<j ^"'('^^i)-^*- 

In particular, this is valid for M =~Dp. Hence one can choose Xj G 
Dp, Xi = Ci mod A, 1 < i < m (cj = (0, . . . , 1, . . . , 0) is the i-ih basic 
vector of Dl™). 

1.2 Some results on Cartier modules related to the re- 
duction 

The definition of the Cartier ring is functorial. In particular, a Cart-module 
structure on M induces a Cart (L) -modules structure on M/ Cart(7r)M. 

If L is perfect, the module C{F)/ Cart(7r)C(F) can be identified with the 
usual (covariant) Dieudonne module of the reduction of F. 

We denote by the formal group law F^(X, F) = 7r^^(7rX, ttF). Its 
coefficients obviously belong to D^,. 

In the proof of the main classification theorem we will need the following 
technical results. 

Lemma 1.2.1. 1. Ca.Yt{'7i)Dp = nDp^. 
2. fnDp^ C Di[[A]]". 

Proof. 1. We can assume that F is p-typical (see 0), i.e. the logarithm 
A = (Aj) of F satisfies Aj = Y.i<j<m, lyo^iji^j ■ Then for k = (bij); bij = 
we have hi G Dp, 1 < i < m (see [8J). bi = Cj mod A; hence 
bi generate Dp as a Cart-module. Similarly 7r"^(7r)6j generate Dp^. Since 
(7r)6j G {7i)Dp, we obtain TiDp^ C Ca.Tt{'7i)Dp. 

On the other hand, TiDp is a Cart-module. We have 

l<i<m 0<j l<i<m 0<j 

Hence Cait (tt) Dp C T^Dp^. 

2. Easy calculation; see |2]. □ 

For the same Xi the following statement is fulfilled. 
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Lemma 1.2.2. Lety,z G Dp, z = y mod irDp^, y = T.i<i<mT.o<j^Hyij)^i- 
Then z can be presented in the form 

z = V-'(cjj)xj where Cij = yij mod vr. (5) 

l<i<m 0<i 

Proof. We construct inductively (with respect to /) a sequence of zi^ri such 
that z = zi + ri, whence Zi satisfy the conditions of ^ with biji staying 
instead of Cij, and ri G Y'-nDp^. 
We start with Zq = y, vq = z — y. 

Now suppose that we have bi,ri^i for some / > 0. We consider the decom- 
position 

l<i<m 0<j 

Then according to (jS)) we have 

J2 + (dm7r))xi) = V\ J2 (^*« + diinr)xi) + si 

l<i<m l<i<m 

for certain Si G Y''^^nDp^. Hence we may take 

zi+i = + ^ {{bill + diiin) - {biii))xi. 

l<i<m 

Since Dp is V-complete, passing to the hmit yields the assertion. □ 

We denote by W the twisted power series ring -^^[[V']] = X]i>o^*^*' 
multiplication is defined by the rule xV = Va;^, x E L. 

Let M be a module over Cart' = Cart(L) (hence also a Cart-module). 
Since the characteristic of L is p, we have Vf = p = fV in Cart' (see [8j). 

Suppose that any x G M can be presented in the form X]i<i<m Xlo<j ^"' (l/ii)^* 
for yij G L. For any z = {zi) G W"^, where Zi = consider 

i j>0 

Note that {zi + Z2){x) ^ {zi){x) + {z2){x). 

We introduce a topology on W whose basic neighbourhoods of are V^W. 
Obviously, if Sj — in W"^ then converges in M. 

Lemma 1.2.3. Let X be a W -submodule ofW™'; we consider the set Y = 
{X){x) = {{z){x); z G X}. Suppose that fxj G Y for 1 < i < m. 
Then the following statements are fulfilled. 
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1. For any y,z E X there exist u,u' E X such that {u){x) = {y){x) + 
{z){x), {u'){x) = {y){x) - {z){x). 

Besides, if z G V^W"^ forr > then we can choose u,u' = y mod V^W"^ 

2. Y is a Cart' -submodule of M. 

3. For any y e X, z e W"^ \ X there exists a u e W"^ \ Y such that 
= {z){x) - {y){x). 

Proof. 1. The proof is similar to the proof of the previous Lemma. 
First we construct u. 
We denote {y){x) + {z){x) by a. 

We construct inductively (with respect to /) a sequence of bi, ru G X, l,i > 
0, such that limjr;^i = for any i > 0, {hi){x) + = '^t ^^'^ ''^lA ^ 

We start with bo = y, ro,o = z, r^^i = for i > 0. 
Now suppose that we have 6;, r; j for some / > 0. 
For a G I, c G we have (a)(c)(x) = (ac)(x). Hence 

{a)Y C Y for any a G X (6) 

Now arguing similarly to the proof of Lemma I1.2.2L we obtain that we 
can take = bi + J2i>o^i-,i- Indeed, according to ^ 

can be expanded as a sum of {wi+i^i){x) for some G V-'"(L)fiy" C 

YiiiX. Here each ju is greater than /, limiju = oo. Hence we can take 

Lastly we take u = lim^ bi. 

Obviously, for z G Y'^W"^ this construction gives us a m that is congruent 
to y modulo VW"". 

The construction of u' is obtained from those for u by replacing some + 
signs by — . 

2. We have YY C Y. Part 1 states that Y ±Y cY. We also have ® . 
It remains to check that fY C Y. 

Letd = J2 ^^di G VT"; di elT . Then we have 

f(rf)(a:) = 5^V'(frfO(a:). 

Besides, f{di){x) G Y. According to the assertion of part 1, there exists a 
sequence G X, i > such that {ui){x) = X]o<j<i ^''i^dj){x), and Wj+i = Ui 
mod V*+^. Hence there exists a limit u = limM,; we have {u){x) = f{{d){x)). 
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Thus fr C fM C Y. 

3. The proof is very similar to those of of part 1. We construct inductively 
(with respect to /) 6/,r/j G X, > 0, such that {hi){x) + = 
(^)(a;) - {y){x)] liniin^i = 0, and n^i G V'X. 

In order to pass from hi ^ X to fo^+i ^ X we use the fact that {W™'\X) ± 
X = W'^\X. □ 

1.3 Oort modules of group schemes 

Let 5 be a local group scheme over D^; letO— s-F— ^G— i^Obe 
its resolution by means of finite height formal groups. We define D{F) = 



In the paper [10] the following result was proved. 

Proposition 1.3.1. S —>■ C{S) is a well defined functor on the category of 
local (finite flat commutative) group schemes over Dl; it defines an embed- 
ding of this category into the category of Cart -modules. 

We call C{S) the Oort module of S. 

1.4 Closed submodules and closed subschemes 

The following definition played a crucial role in [2]. 

Definition 1.4.1. 1. For Cart-modules M C X we write M < N, if for any 
X E M, Vx e X we have x G M. We call M a closed submodule of X. 
2. Cart-module X is called separated if {0}<X, i.e. X has no V-torsion. 

For Cartier modules (i.e. modules over Cart) one can easily prove the 
following facts (cf. pj). 

Proposition 1.4.2. II. IfM,<M for i G /, then Mi < M. 

2. If M2<Mi, Ml < M, then M2 < M. 

3. If Ml <M, M2 C Ml, then M1/M2 < M/M2. 

II If f : N O is a Cart -morphism, M<0, then f-\M) < X. 

For a Cartier module X, O C X, we denote by Cl7v(0) the smallest closed 
Cartier-submodule of X that contains O. In particular, ClAr(O) D CartO. 
Obviously, if M C X are Cart-modules, then ClAr(M) = M 



Now we remind the connection of closed modules and closed subgroup 
schemes. 



Coker(C(F) ^ C{G)). 



CIn/m{0} = N/M. 
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Theorem 1.4.3. /For a local group scheme S the module C{S) is separated. 

III. Closed submodules of C{S) are in one-to-one correspondence with 
closed subgroup schemes of S. 

2. IfM = C{S), N<M = C{H), where H<S, then M/N ^ C{S/H). 

3. Conversely, exact sequence (as fppf-sheaves, i.e. the inclusion is a 
closed embedding) of local schemes induce exact sequences of Oort modules. 

III If f : S ^ T is a local scheme morphism, then Ker = C(Ker /), 
where /* is the induced Oort module homomorphism; we consider the kernel 
in the category of fiat group schemes. 

IV Let M be a closed finite index submodule of C{F) where F is a finite 
height formal group. Then M is isomorphic to C{G), where G is a formal 
group that is isogenous to F . 

VIfM< LffA]]'", Dp C M, and M mod A = Ol"^, then M = Dp. 

Parts I-III were proved in IV and V were proved in ||2j (in slightly 
different formulations). 

2 The main classification theorem; extensions 
of group schemes 

This section is dedicated to classification of group schemes in terms of their 
Oort modules. We describe the image of the Cartier-Oort functor, thus giving 
a complete classification. 

2.1 Formulation 

Theorem 2.1.1. / A Cait-module M is isomorphic to C{S) for S being a 
finite fiat commutative local group scheme over Ol if and only if M satisfies 
the following conditions. 

1. M/WM is a finite length Dp-module. 

2. M is separated. 

3. n,>oV*M = {0}. 

4. M = aM((vr)M). 

// The minimal dimension of a finite height formal group F such that S 
can be embedded into F is equal to dim£)^(C(5')/VC(5')). 

/// M = C(Ker[p''']p') for an m-dimensional formal group F if and only 
if in addition to the conditions of I, p^M = and M/YM ^ (Ol/p^Dl)"^- 

We will denote dimo^ (M/YM) by dim M. 
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2.2 The proof of necessity in Theorem 12.1.11 



Let M = C{S). 

Suppose that S = Ker/, where / : F — > G is an isogeny of finite 
height formal group laws of dimension m. Then for M = Coker /* we 
have M/VM = Dc/iADc + ADp) where f = AX mod deg2. Since 
Df<^[[A]]'", we have 

M/VM = DgI{^Dg + ADf) 
= {Dg mod ^)/{ADf mod A) ^ Ol""/AOl"". ^ ' 

We obtain that M satisfies II. We also see that the minimal dimension of 
a finite height formal group F such that S can be embedded into F is not 
less than dim(C(^)/VC(^)). Besides, if ^ = Ker[p^]ir, then C{S)/YC{S) ^ 

12 for M is part I of Theorem 11.4.31 
Since f^DG < Dp we obtain 

C{S)/W{S) ^ Dg/{V'Dg + f^Dp) = {DG/V'DG)/{f.DF/yj,DF). 

Hence 

limM/VM = \im{DG/^r'DG)/{^DF/VJ,DF) = Dg/ f.Dp = M. 

We immediately obtain 13 for M. 

Now we prove 14. Suppose that = CIm{{t^)M) ^ M. Then cor- 
responds to some T <\ S. We obtain that the module f/ = {a; G Dg '■ x 
mod f^Dp G A^} D t^Dg^- Since p^S = for some r > 0, we have p^'M = 0; 
hence ?7 is a finite index submodule of Dg- Therefore U corresponds to a 
formal group that is isogenous to G (see Theorem II. 4. 3L part IV). Since these 
conditions are formulated in terms of formal groups and their Cartier mod- 
ules, they are not affected by complete discrete valuation fields extensions 
(see Proposition II. l.H part 5). Hence we may assume that L is perfect. We 
obtain that M/{7i)M is the (covariant) Dieudonne module of the reduction 
of S. Since S is local, its reduction is local also. It is well known that in this 
case M/ (7r)M is V-torsion, which contradicts the existence of T. 

2.3 The proof of sufficiency in Theorem 12. l.Tt construc- 
tion of a certain formal group 

Suppose that M satisfies conditions of Theorem 12.1.11 and dimM = m. We 
first prove that there exists a formal group F, dimF = m, such that M pa 



13 



DpjC , where C <\ Dp- Next we verify that one can choose F being a finite 
height formal group. 

We choose representatives /i,...,/^ G M for (some) D^-generators of 
M/YM. We check that any x G M can be expressed as a sum 

5^5^V^K,)/,. (8) 

l<i<l 0<j 

Indeed, for any x E M there exist ai E Dl such that x = X]o<j('^«)^* + ^^i 
for some Xi G M. Repeating this procedure r times we obtain that 

l<i<l 0<j<r 

for some Xr G M. Since ^ V-'(aij) converges in Cart for any aij G D^, we 
obtain that there exists an ?/ G M that can be presented in the form (P) and 
X — y E V^M for any r > 0. Now condition 13 for M implies that x = y. 
Next we present f/, in the form ^ for all 1 < i < m. We obtain 

ih= $^V^(%fe)^fc- (9) 

l<k<l 0<j 

According to section 27.7 of there exists an m-dimensional formal group 
law F such that 

^(0 Cartel/ J] Cart(fe,- J] J] V^(a,,fc)efc) 

l<k<l 0<j 

(here denote certain Cart-generating elements). We obtain that there 
exists a Cart-homomorphism h of C{F) to M that maps Cj to /j. Since k 
generate M over Cart, h is onto. 

Since M is separated, Ker/i<C(F). 

2.4 Choosing a finite height formal group 

Now we prove that we can choose F being a finite height group. Since the 
height is determined by the reduction of F, it is sufficient to consider the 
residues of aiji, which we denote by oT^. Again we denote M/ Cart(7r)M by 
M. According to Lemma fl.2.2[ the calculation of can be done in M. We 
denote the images of k in M by Ij. 

We embed L into a perfect field U. It is well known that F has finite 
height if and only if the matrix B = bik, where bki = Sj>o ^.tikV^ is non- 
degenerate over the skew-field W = f/((V"))' = Z]j>_oo ^^Cj. Here W D W 
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is the skew-field of twisted Laurent series over U, the multiplication is defined 
by the rule u^Y = Yu, u E U. 

As in subsection I1.2L for any z = (zi) G W"^ we define {z)(l) = ^ 

M. 

Let V < m be the maximal possible rank of B for all possible choices of 
the expansion (jH]). 

Suppose that v < m. We fix the numbers zi, . . . , z„ and the corresponding 
columns of B such that are H^'-independent. We obtain that all other 
columns belong to the H^'-span of for any possible choice of their coeffi- 
cients. We denote W%;) n VT™ by X; denote {X){li) C M by F. Since 
W'iW"') ^ J2 ^'bin we have X ^ W"". We have VX C X; V(iy™ \ ^) C 
W"^\X. Since (for some choice of F) all columns of i? belong to X, we have 
flj G y for 1 < i < m. Hence we can apply Lemma fl . 2 . 31 with Ij staying for 

We choose a column b = bh for h ^ {ii}. We have 6 G X. We prove that 
we can modify F so that the new b will not belong to X. 

We choose certain z G W"^ \ X; the choice depends on whether Y = M. 
In the case F = M we choose any z G W"^ \ X . 

Suppose that Y ^ M. According to part 3 of Lemma ll.2.3| F is a Cart'- 
module. Since the closure of {0} in M is equal to M, we obtain that Y /iM. 
Hence there exists y E M \ Y such that Yy G M. We expand y = {z)(li), 
z = (zi), Zi G W. We have z ^ X. 

In both cases we obtain that there exists a c G X such that (c)(1) = 
\{z)(l). According to part 3 of Lemma ll.2.3l there exists a g E W^\X such 
that {g)(l) = (c)(/) — V(z)(/) = 0. According to part 1 of Lemma ll.2.3| there 
exists a d E X such that {d)(l) = — (6)(/). Applying part 3 of Lemma [1.2.31 
for z = g, y = d, we obtain that b can be replaced by 6' ^ X. 

Hence the case f < m is impossible. Therefore v = m. Thus we can 
choose F so that B is invertible over W' , hence F is a finite height formal 
group. 

Remark 2.4.1. 1. In the perfect residue field case the reasoning could be 
simplified by using the fact that V"M C Cart(7r)M for some m > 0. This is 
no longer true in the imperfect residue field case. 

2. Another way of proof is possible. Suppose that for a map f : F ^ G 
of (not necessarily finite height) formal groups we have C{G) / f^C{F) ^ M 
for M satisfying the conditions II - 14. Then one can note that M can 
be obtained from Cart(7r)M by means of successive adjoining of roots of 
equations of the type Yy = x. Hence C{G) can be obtained from the Cartier 
module for the reduction of f\C{F) by successive adjoining the roots of 
the equation of the type Y{xi) = {yi), 1 < i < m. Next the Oort type 
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reasoning could be applied to prove that Ker / is a finite flat group scheme 
and M = C(Ker/). 

2.5 The end of the proof of parts I and II 

We take any m-dimensional finite height F such that M can be presented as 
a factor of Dp (as a Cart-module). 

We prove that the exponent of M is finite, i.e. for some m > we have 
p^M = 0. This is equivalent to p^Dp C Ker/i, where h : Dp — > M is the 
map constructed in subsection 12.31 

First we check that for some r > we have p^M = 0. We recall that 

M = J2 Cait'~k = Clj,-j{0}. 

l<i<m 

Hence there exists a sequence of Cart'-modules {0} = Mq C Mi C M2 C 
■ ■ ■ C Mr = M such that for any < z < r we have Mj+i = Mj + Cart Xi for 
some Xi G Mj+i satisfying Vxj G Mj. We have pxi = fVxj G Mj. Therefore 
pMi+i C Mi. Thus p^M = 0. 

Next we verify that p^irDp^ C Kerh for some g > 0. Since M/VM is 
a finite length D^-module, we obtain that Kerh mod A is a finite index 
submodule of Dp mod A = Dl™. If x = X]j>o^«'^*' ^ ^^^^ fVx — 
Vfx = pxQ. Hence for some d > we have p'^Ol™' C Kerh; therefore 
P'^Dl[[A]]'" C Kerh. Using part 2 of Lemma [1.2.11 we obtain p'^^^nDp^ C 
Ker h. 

We have an exact sequence nDp^/^nDp^ fl Ker h) M — M — > 0. 
Thus we can take u = r + g. 

Since F is finite height, the module Dp/p^Dp corresponds to a finite flat 
local group scheme Ker[p"]ir. 

Since Ker h< Dp, we obtain Ker h/p^Dp < Dp/p^Dp. Hence, according 
to part 112 of Theorem II. 4. ^^L M corresponds to some group scheme S which 
is a factor of Ker[p*']j? by a closed subscheme. 

2.6 The proof of sufficiency in Theorem I2.1.1L part III 

Again we choose any m-dimensional finite height F such that M can be 
presented factor of -Dp. 

It is sufficient to prove that for F, h constructed above we have p^Dp = 
Ker h. Since p'^M = 0, we have p^Dp C Ker h. 

Since M/YM ^ using (0) we obtain Kerh mod A = 

{p^Ol)"^. Hence we have p^Dp C Kerh, pi'' Dp mod A = Ker/i mod A. 
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According to part V of Theorem II .4.31 we have p "^Kerh = Dp. Hence 
p''Dp = Ker h. 

2.7 Extensions of group schemes 

Theorem 12.1.11 easily implies the following result for Ext^ in the category of 
group schemes. 

Proposition 2.7.1. IfS,T are local, thenExt\S,T) = Ext}.^^,{C{S),C{T)). 
Here we consider extensions in the category of finite flat group schemes, 
whence the definition of an exact sequence is the same as always in this pa- 
per. 

Proof. Since S, T are local, any extension of T by is also local. 

We have to prove that conditions of part I of Theorem 12.1.11 are preserved 
by extensions of Cart-modules. 

Suppose that we have an exact sequence C{T) ^ M C{S) 
of Cartier-modules. We check that M satisfies conditions II - 14. 

The sequence C{T)/\C{T) MjNM C{S)IVC{S) ^ is right- 
exact and we obtain II. 

Since C{S) is separated, we obtain CiT) < M. Hence {0} < C(T) < M and 
we obtain 12. 

Since ni>oV*C(5) = {0}, for any x e n,>oV*M we have x E C{T). Since 
C(T) <M, we also obtain x G ni>oV^C(T). Now condition 13 for C{T) 
implies x = 0. We obtain 13 for M. 

Since C{T) C M, we obtain {-n)C{T) C {tx)M. Hence ClM((vr)M) D 
C(T)<M. Hence 

ClM((vr)M) = {xeM: x mod C{T) G C\c {S) {Cs.it {n)C{S))} = M. 
We obtain 14 for M. 

□ 

3 The tangent space of a finite group scheme 

3.1 Definition; expression in terms of the Oort module 

We introduce a natural definition of the tangent space TS for a finite group 
scheme S. 

Definition 3.1.1. For a finite flat group scheme S we denote by TS the Ol- 
dual of J/J^ (i.e. Homo j^{J/ J'^,L/Ol)), where J is the augmentation ideal 
of the coordinate ring of S. 



17 



Remark 3.1.2. 1. Obviously, the tangent space is an additive functor on the 
category of finite group schemes. 

2. The definition implies that the (suitably defined) tangent space of Sp = 
S X Spec Dl SpecP is equal to TS^Ol P- Here P is any (unitial commutative) 
Di-algebra. 

3. It is well known that the tangent space of a group scheme is equal (i.e. 
naturally isomorphic) to the tangent space of its local part. 

Proposition 3.1.3. 1. TS is naturally isomorphic to C{So)/YC{So) , where 
Sf) is the local part of S . 

2. A local group scheme homomorphism f : S T is a closed embedding 
if and only if the induced map of the tangent spaces is an embedding. 

3. IfO^H^S^T^Oisan exact sequence of local group schemes 
(in the category of fppf-sheaves, i.e. H<S) then the corresponding sequence 
of tangent spaces is also exact. 

4. If H C S then the Di-length ofTH is not greater than the length of 
TS; they are equal iff H = S. 

Proof. 1. Since the local part is functorial, it is sufficient to prove the state- 
ment for Sq = S. We denote the isomorphism we want to construct by 
is- 

For a formal group law (i.e. for a formal Lie group) F let Jp denote the 
augmentation ideal of the coordinate ring of F. It is well known that JfI Jp 
is the cotangent space of F (at 0) i.e. we have an isomorphism 

TP = HomoJJF/4>^L) = TP' = Ker(F(xDi[N]) ^ P{xOl[[x\]Ix^)) 

that is canonic and functorial. Via log^ the module TP' is canonically iso- 
morphic to {/ G a;L[[x]]'" : expp{f) G DL[[a;]]'^}/x^L[[a;]]'". Now applying 
part 6 of Proposition ll.l.ll we obtain Tp = Dp mod A. Hence we have a 
functorial isomorphism ip : Dp/\Dp TP. 

Let 0— S'S'^F-^G— i>Obea resolution of S via finite height formal 
groups of dimension r > 0. Since h^:Dp < L[[A]Y , we have h^:Dp < Do- 
According to ^ we have 

C{S)/VC{S) = Dc/iKDp + YDg) = {Dg/^Dg)/K{Dp/\Dp). 

Besides h^ is injective on (Dp/YDp). The standard schematic construction 
of the kernel of a formal group scheme homomorphism gives us J = Jp/h*JG. 
Moreover, h*jQ = h* Jq^ Jp- Therefore we can define is by means of ic- 

We note that the construction of is is functorial with respect to mor- 
phisms of isogenics of formal groups (i.e. with respect to commutative squares 
of morphisms of formal groups). 
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It remains to check that is does not depend on the choice of resolution 
for S and is functorial with respect to group scheme morphisms. 

Let S ^ Fi ^ Gi ^ and ^ 5 ^ F2 ^ G2 ^ be two different 
resolutions of S by means of formal groups. 

It was proved in [101 that there exists a resolution O^S^F-^G^O 
such that for i = 1,2 the following commutative diagram can be constructed: 

S > Fi Gi 

(10) 

S > F G 

the rows are exact. 

Hence is for first two resolutions are the same as the one for the third 
resolution. 

Now let / : 5 ^ T be a morphism of (finite flat local commutative) group 
schemes. Then according to we can construct a commutative diagram 

S > Fi > Gi 

(11) 

T . F2 > G2 

where the rows are resolutions of S and T. Since is is functorial with respect 
to morphisms of isogenics of formal groups, we obtain that is is natural. 

2. liH<S then G{H) < C(5), hence we obtain that G{H) n YG{S) = 
VG{H). Therefore the kernel of the map G{H)/\G{H) G{S)/VG{S) is 
zero. 

We prove the inverse implication. 

We may decompose f as g o i o h, where g is a closed embedding that 
corresponds to the injection Im/^ Sl, i is bijective on the generic fibre, 
and h is epimorphic (see Proposition 14. 1 . II below) . 

Since the induced tangent space map g* is injective, we may assume that 
fi^ is surjective (i.e. g = ids). 

If the composite o /i^ of the maps of tangent spaces is injective then 
is injective. 

If we have an exact sequence O^B^H^S^O, then {0} 7^ 
TB C TH; besides TB maps to via the map TH TS. Hence h is an 
isomorphism. 

It remains to consider the case H C S, Hi = Sl. The map TH — * TS is 
injective iff G{H) n VG{S) = \G{H). Then for x E G{H), Vx G G{S) we 



ids 
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obtain Vx = Vy, y G C{H). Since C{S) is separated, we obtain x = y E 
C{H). Hence C{H)<C{S). Applying Theorem fTT3l we ohisin H<S. 

3. From Theorem II .4.31 we immediately obtain that the sequence TH 
TS TT — > is right-exact. It remains to apply part 2. 

4. We can assume that H and S are local. 

Suppose that we have exact sequences and 
5*0 — i> S" — > 5*1 — ^> 0, where Hi C Si for i = 0,1. Then, according to the 
assertion of part 3, we obtain that it is sufficient to check the assumption for 
the pairs Hi C Si. Applying the results of Raynaud (see Proposition 14.1.11 
below) we reduce the statement to the case Hi = Sl, Hl is L-irreducible. 
Since the assumption is not affected by finite extensions of L (see Remark 
I3.1.2p . we may also assume that the order of if is p. Then the coordinate ring 
of can H be presented as OL[x]/xP—ax for some a G Oi (see the classification 
in [Hj), the augmentation ideal is equal to (x). Then TH ^ OL/aOL- It 
remains to note that Spec(DL[a;]/a;^ — ax) C SpecDL[x]/x^ — 6x implies a \ b; 
if 6 ~ a then the inclusion is an isomorphism. □ 

Remark 3.1.4. One can also prove the equality d = Ijj^S for / being the length 
of TS, d being the valuation of the discriminant of the coordinate ring of S. 
This generalizes Tate's formula for c?(Ker[p^]i?) (see fT5j). 

3.2 The dimension of a group scheme 

Now we rewrite parts II and III of Theorem 12. l.ll in terms of tangent spaces. 

Theorem 3.2.1. / For a local group scheme S the following numbers are 
equal. 

1. The Dl- dimension of J / J"^ . 

2. The O L- dimension of C{S)/\C{S). 

3. The minimal dimension of a finite height formal group F such that 
S<F. 

H S is equal to Ker[p'']i? for some m- dimensional finite height formal 
group F/Ol if and only if p^S = and TS ~ (Ol/p^Ol)'^- 

Proof. Immediate by combining Theorem 12.1.11 and Proposition 13.1.11 □ 

It seems natural to call the number dim£)^(J/J^) the dimension of S. 

Remark 3.2.2. 1. We obtain that the minimal number of generators for the 
coordinate ring of S is equal to the minimal possible dimension of F, S < F. 
Obviously, the dimension of F cannot be smaller than the minimal number 
of generators; yet the inverse inequality is much more difficult and was not 
known previously. 
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The case m = 1 of this result was proved in |T] (though there it was 
formulated in a different way). 

2. It seems very probable that the equality 11=13 can be generalized to 
not necessarily local p-group schemes (and p-divisible groups). In order to do 
this one should modify the Cartier module theory so that it would describe 
not necessarily local group schemes. This would probably be done in one of 
the following papers. 

4 Descent; a finite good reduction criterion 

In the paper [2j it was proved that one can check whether an Abelian variety 
of potentially good reduction has good reduction over K knowing Ker[p' ]v,k- 
In this section we modify that criterion using the results of the previous 
section. We also prove that one can reduce the study of semistable reduction 
for an Abelian variety to the study of its 'formal part' (see subsection 14.41 
below). 

4.1 The generic fibre results: reminder 

We often use the following fact (see [12j). 

Proposition 4.1.1. Closed subgroup schemes of S/Ol are in one-to-one 
correspondence with closed subgroup schemes of Sl- 

In particular, for any set of Si < S there exists a smallest (in the sense of 
c) group scheme H such that Si<H. H is also a closed subgroup scheme of 
S. 

Now we remind the main result of It is a finite analogue of fullness 
of the generic fibre functor for p-divisible groups (proved by Tate). Besides, 
it implies Tate's result (see ^Hl) immediately. 

Theorem 4.1.2. // S,T are O^-group schemes, and g : Sl ^ is a 

morphism of L- group schemes, then there exists an h : S T over Dl such 
that hi = p'^g. 

Certainly, h is unique. One easily checks that the result is sharp, i.e. the 
value of s its the smallest one possible. 

For e = ei < p — 1 Theorem 14.1.21 implies that the generic fibre functor 
on the category of (finite fiat commutative) group schemes is full. This is 
the central result of [12] ; Raynaud's methods cannot be used in the case 
e > p — 1. 
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4.2 Descent lemmas: reminder 

In [H] the following result was proved by means of an explicit descent reason- 
ing for Dp- 

Proposition 4.2.1. Let F he a finite height formal group over Ol- Suppose 
that its generic fibre (as a p-divisible group) Fl = F x spec Spec L is defined 
over K , i.e. there exists a p-divisible group Zk over K such that 

Zk XspecKSpecL = Fl. (12) 

Suppose that KeT[p^]z ~ T XspecOK Specif for some group scheme T/Dk; 
this isomorphism combined with the isomorphism (Q^ is the generic fibre of 
a certain isomorphism T XspecOx SpecD/, = Ker[p*]^. Then Zx ~ F'^ for 
some formal group F' /Ok- 

4.3 Descent for j9-divisible groups in terms of tangent 
spaces 

We remind that (by definition) the dimension of a p-divisible group over Ol 
is the dimension of its local part (as a formal group law). 

Proposition 4.3.1. Let V be a p-divisible group over K, let Y be a p- 

divisible group of dimension m over Ol- Suppose that V ^specK SpecL = 
^ X Spec Ol Spec L. We denote by G the local part ofY, by J the corresponding 
subgroup of V . 

Then the following conditions are equivalent: 

I There exists a p-divisible group Z over Ok such that J = Z Xspcc Ok 
SpecK. 

II For a (finite flat commutative) group scheme H/Ok we have THq^ k, 
[Ol/p^ Ol)™", besides there exists a monomorphism g : Hk — ^ Ker[p' ]v,k- 

III We haveTHo^ D {Ol/p^'OlT (i-e- th ere exists an embedding) ; there 
exists a monomorphism g : Hk — > Ker[j9' ]v,k- 

Proof. I =^ II: We can take H = [Kei p^']z,Ok- Then, according to part II 
of Theorem Uni THo^ ~ {Ol//Ol)"'- 
II =^ III: obvious. 

Now we prove III =^ I. We can assume that H is local. 

According to Theorem l4.1.21 there exists a morphism h : Hq^^ Ker[p*]y 
whose generic fibre is equal to p'^g. We denote by S the kernel of h (i.e. S<H; 
Sl = Ker Hl; see Proposition 14. l.lj l: T = H/S. Since h is defined over Ok, 
so are 5* and T. 
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We have an exact sequence —>■ So^^ —>■ Hqj^ — > Tq^ 0; besides To^ C 
Ker[p*]G. Since p^S = 0, we obtain p^C{S) = 0; hence p^TS = 0. Since exact 
sequences of group schemes correspond to exact sequences of tangent spaces 
(see part 3 of Proposition l3.1.3j) . we obtain that TT D (Ol/p^Ol)"^- 

Hence part 4 of Proposition 13.1.31 implies that Ker[p*]G = T. 

Since T and the embedding are defined over Ok, according to Proposition 
14.2.11 we obtain that G is defined over Ok also. □ 

We also prove the following (slight) generalization of Theorem 7.5.1 of 

m 

Theorem 4.3.2. Let V be a p-divisible group over K , let Y be a p-divisible 
group over Ol- Suppose that V XspecK SpecL = Y XspccOi SpecL. 
Then the following conditions are equivalent: 

I. There exists a p-divisible group Z over Ok such that V = Z XgpccOK 
Spec K. 

II. For a (finite flat commutative) group scheme H/Ok we have THo^^ ^ 
{Ok/p^ Ok)"^; besides there exists a isomorphism g : Hk — ^ Ker[p' ]v,k- 

Proof. I ^> II Again we can take H = [Ker p'^']z,OK■ 
ll =^ I In [3j the same statement was proved for H equal to Ker[p' ]u 
for some p-divisible U over Ok- It was noted also that it is sufficient to check 
the natural map i : H/ Ker[p'*]j^ — > if is a closed embedding. 

We verify that H satisfies this condition. Let T denote the local part 
of H. By part II of Theorem 13.2.11 T is equal to Ker[p' ]f for some formal 
group F/Ok- Hence the restriction of i to T is a closed embedding. Since 
the exponent of H equals , we have i~^(T) = T. Since H/T is etale, i 
induces a closed embedding H/T H/T. Therefore i is a closed embedding 
itself. □ 



4.4 Duality and semistable reduction of Abelian vari- 
eties 

In order to reduce the descent question for Abelian varieties to the study of 
certain formal groups we will need the following statement. 

Let V denote an Abelian variety that has semistable reduction over L, 
let V denote the dual variety. We denote by Vp the p-torsion of V (as a 
p-divisible group over L) , denote by Vf by the formal part of the p-torsion of 

V (i.e. the part corresponding to the formal group F of the Neron model of 

V over Ol)- Obviously Vf corresponds to the maximal p-divisible subgroup 
Vp that is a generic fibre of a local scheme over O^. Hence the formal part 
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is functorial with respect to isogenies of Abelian varieties (one could also 
deduce this fact from part 1 of the theorem below). 

We note also that the formal part of an Abelian variety is Galois-stable 
over its field of definition. Hence if V is defined over K then V/ is equal 
to VfK X Specie: SpecL for a certain uniquely defined p-divisible subgroup 
VfK C Vp over K. 

Theorem 4.4.1. Let Vm C Vf denote the multiplicative type part of Vp i.e. 
the part corresponding to the maximal multiplicative type subgroup of F. Let 
denote the multiplicative type part ofV^. 

1. The Weil pairing for Vp and V^ induces the Cartier duality of Vp/Vf 
with V^. 

2. Suppose also that V is defined over K . Then V has semistable reduc- 
tion over K if and only if there exists a formal p-divisible group G/Ok such 
that the generic fibre of G (as a p-divisible group) is isomorphic to VfK. 

Proof. 1. We denote by Vfm, Vj^^ the finite parts of Vp and Vp respectively, 
hy Vt, Vf the toric parts of Vp and Vp respectively (see the definitions in 0). 
Obviously, K C K;. 

By Theorem 5.2 of 0) Vj^^ is the Cartier dual of Vp/V, is the Cartier 
dual of Vp/Vfin. Hence for D being the Cartier dual of Vp/Vf we have V/ C 
D C V^'j„. Since Vfm/Vf is the maximal possible etale factor of V/j„ (over 
Ol), D /VI is the maximal possible multiplicative type subgroup of V'f^^/V/. 
Hence D = V/^. 

2. We define similarly to VfK. Let a : V ^ V he some polarization 
over K. Since the formal part is functorial, a induces an isogeny [3 : VfK — ^ 
V'fj^. Then Ker/3 is a finite i^'-group scheme; hence it corresponds to some 
S<\G (see Proposition I4.1.l|l . Therefore V'fj^ = Z' XspecOA- Specie', where 
Z' = Z / S IS di. formal p-divisible group over Ok- 

We obtain that V^^ can be defined over Ok- Since the multiplicative type 
part of an Abelian variety is Galois-stable, V/^k (defined similarly to Vj^) is 
defined over Ok also. Using the assertion of part 1, we obtain that VfK and 
VpK/VfK are defined over Ok- Hence VpK is Barsotti-Tate of echelon 2 over 
Ok- By Proposition 5.13c of V has semistable reduction over K. □ 

Remark 4.4.2. In Vfin was called the fixed part of Vp, Vm was called the 
toroidal part of Vp, VKjin was called the effectively fixed part. 
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4.5 Criterion for good reduction of a potentially good 
reduction Abelian variety 

Theorem 4.5.1. Let V be be an Abelian variety of dimension m over K 
that has good reduction over L. Then V has good reduction over K if and 
only if for a certain (finite flat commutative) group scheme H/Ok we have 
THol 3 {Ol/p'' Ol)"^ (i-e. there exists an embedding) and there exists a 
monomorphism g : — * Ker[p' ]v,k- 

Proof. If V has good reduction over K then we can take H = [Kerp^ jy^o^) 
where Yq^ is the Neron model of V over Ok- 

Now we prove the converse implication. By Proposition 14.3. li the formal 
part of Vp is defined over Ok- By part 2 of Theorem 14.4.11 we conclude that 
V has semistable reduction over K. Hence V has good reduction over K. □ 

In [3] we proved a version of the statement where any group scheme H/ Dk 
was allowed. We required the condition Hk ~ Ker[p^]y,ii'. 

5 Finite criteria for semistable and ordinary re- 
duction 

5.1 Proof of Theorem A 

We prove Theorem A of the introduction. We adopt the notation of Theorem 

If V has semistable reduction over K then we can take H = [Kerp'jc- 
Now we prove the converse implication in Theorem A. We can assume 
that H is local. 

Since the finite part of an Abelian variety is Galois-stable over its field of 
definition, we obtain that Vfm is equal to Vfinx ^Specx SpecL for a certain 
p-divisible group VfinK over K. According to Proposition 5.6 of 0, the factor 
Vp/Vfin is the generic fibre of some etale p-divisible group over Ol- Let Hq 
denote the closed group scheme of H that corresponds to the preimage of 
Vfin in Hl (see Proposition 14. 1.111 . We obtain that {H/Hq)l is isomorphic to 
a generic fibre of a certain D^^-group scheme. Since H is local, Theorem l4.1.2l 
implies that p^{H/Hq) = (in fact, this statement is very easy to prove). 

We denote by Hi the maximal closed subgroup scheme of H that is killed 
by . The same tangent space argument as in the proof of Proposition USUI 
shows that THi D {Dl//Ol)'^. 

We have < Hq, whence Hq^ < VfinK- Therefore THo D {Dl//Ol)"'. 
We use the same argument as in the proof of Theorem 14.5.11 By Proposition 
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14.3.11 the formal part of Vp is defined over Ok- By part 2 of Theorem 14.4.11 
we conclude that V has semistable reduction over K. 

5.2 Ordinary reduction: reminder 

We recall that an Abelian variety (over Ok or Ol) is called an ordinary 
reduction one (or just ordinary) if the formal group of its Neron module is 
finite height and of multiplicative type. 

In particular, an ordinary variety has semistable reduction. 

For example, a semistable reduction elliptic curve is either ordinary or 
supersingular. 

One can easily seen that the definition given is equivalent to the usual 
ones. In p] an Abelian variety was called ordinary over Ol if the connected 
component of of the reduction of the Neron model of A over Ol is an 
extension of a torus by an ordinary Abelian variety (over L) . 

A good reduction Abelian variety that is ordinary is called a good ordinary 
reduction one. 

5.3 Proof of Theorem B of the introduction 

Proof. I (1) =^ (2) 

We can take H = Ker[p' ]f,Ok where F is the formal group of the Neron 
model of V (over Ok). 

(2) =^ (1) 

According to Theorem l4.5.1l if such an H exists then V has good reduction 
over K. The same argument as in the proof of Theorem 14.3.11 shows that 
Ker[p*]i7£)L multiplicative. Then F is also multiplicative. In order to see 
that one may pass to the duals and notice that a p-divisible group U is etale 
iff Ker[p*]t/ is. 

(2) =^ (3) 

Let H' denote the Cartier dual of H. Since H' is etale, H' is constant 
over some A unramified over Ok. We take M being the fraction field of A. 

Since H'j^ is constant, Ha is isomorphic to a J2i<i<r ^^p"^ some n^, r > 0. 
We have fXp^.^A = SpecS, where B = A[x]/ {{x~+~1)p"' - 1) and J{B) = 
(x). Hence T/ip^, ^ A/p^'^A. Since THaol ~ {AO l / / AO l)"" , using the 
additivity of the tangent space functor we obtain that r = m and rii = I' for 
l<t<r. Thus Hm = il^pi' m)""- 

(3) =^ (1) 

We denote the ring of integers of M by A. We take Ha = ifJ'pi' ^a)"^ ■ Since 
TH ^ {A/p'"' A)"^, Ha satisfies the conditions of (2) over M. Hence V has 
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good reduction over M. Since M/K is unramified, V has good reduction 
over K also. 

II (1) =^ (2) 

If V has ordinary reduction, we can take H = KeY[p'-]F Ok- 
(2) =^ (1) 

We apply Theorem A. As in the proof of part I, we obtain that Ker[p*]j7 
is multiplicative, hence F is multiplicative. We also note that (1) and (2) 
are equivalent to (2) with the condition (Dl/p'Dl)™ C TH replaced by 
THo, ^ {Ol/p'OlT. 

(2) <^==^ (3) The proof (for THoj^ ~ (Dl/p'Ol)™) is the same as in part 

I. 

□ 

Remark 5.3.1. 1. Passing to the duals, one may replace a multiplicative sub- 
group scheme of Ker[p']y by an etale factorscheme in part 11(3) of Theorem 
B. 

2. (1) <^=^ (3) of Theorem B is quite similar to the finite /-adic semistable 
reduction criteria of (TH] and [T4| . 
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